The phenomenon of wave packet diffraction in space and time is described. It consists in a diffraction pattern whose spatial location progresses with time. The pattern is produced by wave packet quantum scattering off an attractive or repulsive time independent potential. The condition for the pattern to persist is derived. The phenomenon occurs in nonrelativistic and relativistic scattering.
The diffraction process is a cornerstone of wave scattering. Quantum mechanical scattering shows diffractive phenomena in space, like nuclear diffractive scattering, and separately in time [1] . The combined effect of time dependent opening of slits for plane monochromatic waves produces diffraction patterns in space and time. [2] Both, diffraction in time, and diffraction in space and time are of the utmost importance in testing the validity of time dependent predictions of quantum mechanics. Recent measurements of atomic wave diffraction [3] , have indeed demonstrated that the diffraction in time, process is supported by experiments.
The present work will show that there exists a broad class of phenomena occurring in nonrelativistic and relativistic quantum wave packet potential scattering that behave as time dependent persistent diffraction patterns. The patterns are produced by a time independent well or barrier. In the present case, the pattern will be shown not to decay exponentially, as the diffraction in time phenomenon, and may provide a tool to deepen our understanding of time dependent quantum processes, as well as the description of atomic (or other) beams by means of wave packets.
The peak structure exists for all packets, but, it survives only for packets that are initially narrower than a value related to the potential width. For wider packets, the peak structure merges into a single peak.
The effect is named wave packet diffraction in space and time. It will be shown that the structure exists for repulsive barriers and for the Dirac equation as well.
The present work emerges from numerical investigations of one and two-dimensional wave packet scattering off an attractive potential that showed curious multiple peak structures resembling a diffraction pattern. [4, 5] It was seen there that, wave packets that are much narrower than the well width initially, resonate inside it, generating a reflected wave train that is coherent and multiple peaked, a diffraction pattern that travels backwards in one dimension and at large angles in two-dimensions.
The effect is absent for packets whose initial width was much larger than the well extension. For this case, a smooth wave hump proceeds both forwards and backwards.
We first consider the source of the diffraction pattern. We resort to the simplest possible case that can be dealt with almost completely analytically. This is the example of a wave packet scattering off a square well.
Consider a gaussian wave packet impinging from the right, on a well located around the origin,
where, w is the width, and V 0 , the depth.
Using the results of [6] , we can write immediately both the reflected and transmitted packets.
where φ(x, t, q 0 ) is the stationary solution to the square well scattering problem for each k and a(k, q 0 ) is the Fourier transform amplitude for the initial wave function with average momentum q 0 .
Explicitly, in the backward direction that interests us here, for
with k ′ = k 2 + 2 m |V 0 |, and σ, the width parameter of the packet.
The integral of the D term can be performed explicitly. We will call this contribution to the wave ψ nonres . For t → ∞ we have
For long times, the oscillations in the exponent of the term accompanying F in the wave function are extremely strong. The most important contributions come from phases that are an extremum when differentiated with respect to k. We will call the contribution to the wave due to F , ψ res . The extremal phase for ψ res demands positive momenta for negative x.
We concentrate on the case k ′ >> q 0 , the low energy regime. For this case F ≈ −1. For long times and distances x >> x 0 >> w we find
The reflected wave is obtained from the sum of the interfering waves of eqs. (5, 6) . The amplitude of the wave for very long times becomes
The wave represents a diffraction pattern that travels in time and persists. Figure 1 shows x 0 , the cleaner the pattern, and more peaks appear in the wave train. Clearly for x 0 → ∞, the pattern disappears. Moreover, the smaller q 0 , the more visible -less background-, the diffraction pattern is.
In order to understand the absence of diffractive structures for a broad packet we consider the imaginary term inside the sin function in eq. (7) . We have to estimate the extension of the diffraction pattern that changes with time. The momenta involved are k max = m |x max | t
Being generated inside the well and consistent with our interpretation of the F term as being due to a resonance inside the well, a fact supported by numerical calculations [4, 5] , we have k max ≈ (2 w) −1 . The inverse of the width of the well. For the imaginary part of the argument in the sin function in eq.(7) to stay small and not blurr up completely the pattern we need 2 k max σ 2 q 0 << 1, or
For a fixed incoming momentum, the initial packet width has to be smaller than a certain proportion of the well width. This was indeed observed in numerical simulations [4] .
The interference between incoming and reflected waves D and F terms in eq.(3) is re-sponsible for the diffractive pattern. The transmitted wave has no such two components.
There is no possible interference and no diffraction peaks may be observed in the transmitted packet.
All the above arguments pertain only to the specific example presently considered. However, the example carries the essential ingredients for any type of packet. One only needs to replace the form factor e −z in eq. (7), by the corresponding expression for any other chosen packet. It does not depend on the type of well also. Other wells may give more complicated expressions than the simple sin function above, but essentially they will show the same structure.
The all important contribution to the diffraction in space and time comes from the interference between the incoming packet and the resonant component of the reflected wave originating from momenta k → 0. The latter amounts to the excitation of a zero energy quasi-bound state inside the well, as was indeed observed numerically in [4, 5] . The extreme importance of zero energy resonances is recognized in the literature for quite some time. Its existence affects the phase shift at threshold. This state is termed usually a half-bound state due to a factor of one half in the phase shift at threshold in the derivation of Levinson's theorem in the nonrelativistic case [7] , and the relativistic case of the Dirac equation. [8] . The present work shows that the zero energy half-bound state makes itself evident through wave packet diffraction in space and time.
Moreover the effect should be independent of the sign of the well depth. Transforming the well to a barrier is like transforming a slit to an obstacle (Babinet's principle). Both show diffraction in space. Therefore, we should see diffraction in space and time for barriers too, provided the width of the barrier is smaller than the initial width of the packet. This is indeed the case as shown in figures 2 and 3.
A minimal uncertainty gaussian wave packet traveling from the left with an average speed v, initial location x 0 , mass m, wave number q = m v and width σ,
is scattered from a Gaussian barrier
Let us now compare to the phenomenon of diffraction in time [1] , and diffraction in space and time with plane waves [2, 9] . The former arises when a shutter is suddenly opened at t=0. Behind the shutter there is a stream of monoenergetic particles. After the opening of the shutter, there arise oscillations in the current on the other side of it. These oscillations die out at large times. The latter is produced by the combined effect of shutters that open in time and interfere between them in space, or other variations [2] .
Instead of having a vanishingly small time correlation length [10] , the process of wave packet diffraction in space and time, appears to persist for infinite time. However, for the polychotomous pattern to survive we need an initial spread of the packet smaller than the extent of the potential. Translating to a framework of time scales, this would imply that the In order to see that wave packet diffraction in space and time does exist in the relativistic case, we performed numerical calculations using the one-dimensional Dirac equation with a scalar potential 1 well S(x) as given in eq.(10)
For the initial packet we took a minimal uncertainty relativistically invariant wave packet
with ω = √ k 2 + m 2 , ω 0 = q 2 0 + m 2 , and we have taken γ 0 = σ z , γ 1 = σ z σ x for the Dirac matrices, where σ denotes the corresponding Pauli matrix.
We extended the numerical method used for the nonrelativistic case [11] , to the unitary evolution of the Dirac particle and found it extremely accurate. The vector density ρ = dx (|U| 2 + |V | 2 ) is conserved to an accuracy of more than 0.1% after millions of iterations.
The equation is solved with high accuracy as determined not only be explicit substitution, but, also by comparing to the free evolution of the wave packet above at large times. The price one has to pay for the Dirac case is a much smaller time increment because of the oscillations introduced by the mass parameter. Figures 4 and 5 show the results obtained.
Suggested experimental verifications of wave packet diffraction in space and time may be found in previous publications [4, 5] . The experiment of atomic wave diffraction [3] , that was developed for the investigation of the process of diffraction in time could probably be adapted for the purpose of observing wave packet diffraction in space and time. 
